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A SHORT PROOF TO THE RIGIDITY OF VOLUME ENTROPY
GANG LIU
Abstract. In this note we give a short proof to the rigidity of volume entropy.
The result says that for a closed manifold with Ricci curvature bounded from
below, if the universal cover has maximal volume entropy, then it is the space
form. This theorem was first proved by F. Ledrappier and X. Wang in [1].
Definition. For a complete Riemannian manifold M, define the volume entropy v
of M as
v(M) = lim
r→∞
ln volBM(x, r)
r
where BM(x, r) is the geodesic ball of radius r centered at x in M.
We are going to prove the following theorem due to F. Ledrappier and X. Wang
in [1]:
Theorem 1. Let (Mn, g) be a closed Riemannian manifold with Ric ≥ −(n−1). Let
˜M be its universal cover, then the volume entropy satisfies v( ˜M) ≤ n−1. Moreover,
v( ˜M) = n − 1 iff ˜M is the standard hyperbolic space with constant curvature −1.
Proof. The inequality v( ˜M) ≤ n − 1 directly follows from the volume comparison.
We have to deal with the equality case. We shall construct a Busemann function
u on ˜M such that ∆u = n − 1 in the distribution sense. By the result of Li-Wang
in [2], we know ˜M is the hyperbolic space form since ˜M has bounded curvature.
Now take a fixed R such that R > 50diam(M). Pick a point O ∈ ˜M and define
r(x) = d(O, x).
Claim 1. There exists a sequence ri → ∞ so that the area of the geodesic spheres
satisfy
A(∂(B(O, ri + 50R)))
A(∂(B(O, ri − 50R))) → e
100(n−1)R.
We prove the claim by contradiction. Suppose there exist r0 > 100R > 0 and
ǫ > 0 such that for any r > r0,
A(∂(B(O, r + 50R)))
A(∂(B(O, r − 50R))) ≤ e
100(n−1)R(1 − ǫ).
By an iteration argument we find that for sufficiently large r,
A(∂(B(O, r))) ≤ C(1 − ǫ) r100R e(n−1)r
where C is a constant independent of r. After the integration, we find that the
volume entropy is smaller than n − 1. This is a contradiction.
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We take the sequence ri in claim 1 and define
Ai = {x ∈ ˜M|ri − 50R ≤ d(x,O) ≤ ri + 50R}.
Claim 2. −
∫
Ai
∆r ≥ n − 1 − ǫ(i,R) where ǫ(i,R) → 0 when i → ∞. The symbol −
∫
means the average.
After integration by parts, claim 2 follows from claim 1 and Bishop-Gromov’s
volume comparison.
Given a point P ∈ M, for all preimages of P in ˜M, consider the subset P j(i) such
that B(P j(i),R) ⊆ Ai. Let Ei be the maximal set of P j(i) such that for j1 , j2 in Ei,
B(P j1(i),R)
⋂
B(P j2(i),R) = Φ. Take Fi =
⋃
j∈Ei
B(P j(i),R),Gi = ⋃
j∈Ei
B(P j(i), 5R).
By Bishop-Gromov’s volume comparison, we have
vol(Fi)
vol(Gi) ≥ g(R, n).
Now by a standard covering technique, we find that
Gi =
⋃
j∈Ei
B(P j(i), 5R) ⊇ B(O, ri + 10R)\B(O, ri − 10R).
Combining with claim 1, we have
vol(Gi)
vol(Ai) ≥ h(R, n)
where g(R, n), h(R, n) are positive functions independent of i. Therefore, we have
vol(Fi)
vol(Ai) ≥ g(R, n)h(R, n).
Combining with claim 2 and the Laplacian comparison, we find that for each i,
−
∫
Fi
∆r ≥ n − 1 −
ǫ(R, i)
g(R, n)h(R, n) − δ(i, n)
where δ(i, n) → 0 when i → ∞.
Therefore there exists at least one j in Ei such that
(1) −
∫
B(P j(i),R)
∆r ≥ n − 1 −
ǫ(R, i)
g(R, n)h(R, n) − δ(i, n).
Note that B(P j(i),R) is isometric to B(P0,R) where P0 is a fixed preimage of P
in ˜M. Consider the function ui(x) = r(x) − d(O, P j(i)) in B(P j(i),R), we pull ui
back to B(P0,R). Note that ui(P0) = 0. Since ui is a uniformly Lipschitz sequence,
we can extract a subsequence so that ui → uR in B(P0,R). Now by (1) and the
Laplacian comparison, we can easily get
(2)
∫
B(P0(i),R)
uR∆ϕ ≥ (n − 1)
∫
B(P0(i),R)
ϕ
for any ϕ ∈ C∞0 (B(P0,R)), ϕ ≥ 0.
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One the other hand, since uR is a limit of the distance function, the standard
Laplacian comparison implies
(3)
∫
B(P0(i),R)
uR∆ϕ ≤ (n − 1)
∫
B(P0(i),R)
ϕ
for any ϕ ∈ C∞0 (B(P0(i),R)), ϕ ≥ 0.(2) and (3) imply ∆uR = n − 1 in the distribution sense. Furthermore, since
uR is a limit of the distance function, |∇uR| = 1. Let R → ∞, we can extract a
subsequence of uR so that uR → u. Then u is defined on ˜M. It satisfies |∇u| = 1
and ∆u = n − 1. According to the argument at the beginning of the proof, ˜M is the
hyperbolic space form. 
Using the same proof, we can prove the following theorem which is also due to
F. Ledrappier and X. Wang [1]:
Theorem 2. Let M be a compact Ka¨hler manifold with dimCM = m and ˜M be
its universal cover. If the bisectional curvature KC ≥ −2, then the volume entropy
satisfies v ≤ 2m. Moreover, if the equality holds iff ˜M is the complex hyperbolic
space form.
Remark 1. It is not clear to the author whether theorem 2 still holds if we relax
the condition to Ric ≥ −2(m + 1).
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